ORBIT INEQUIVALENT ACTIONS FOR GROUPS 
CONTAINING A COPY OF F 2 
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Abstract. We prove that if a countable group T contains a copy of F2, then it admits 
uncountably many non orbit equivalent actions. 



§0. Introduction. 

Throughout this paper we consider free, ergodic, measure preserving (m.p.) actions 
T rx (A, /i) of countable, discrete groups V on standard probability spaces (X, /i). 
Measurable group theory is roughly the study of such group actions from the viewpoint 
of the induced orbit equivalence relation. A basic question in measurable group theory 
is to find groups V which admit many non-orbit equivalent actions (see the survey 
[Sh2]). In this respect, recall that two free, ergodic, m.p. actions V rv (X, /x) and 
A rv (Y, v) are said to be orbit equivalent (OE) if they induce isomorphic equivalence 
relations, i.e. if there exists a measure space isomorphism 6 : (A, /j.) — > (Y, v) such that 
9(Fx) = A9(x), for almost every x G X. 

The striking lack of rigidity manifested by amenable groups (any two free, ergodic 
m.p. actions of any two infinite amenable groups V and A are orbit equivalent-a result 
proved by Dye in the case V and A are abelian ([D]) and by Ornstein- Weiss in general 
([OW])) implies that the above question is well-posed only for non-amenable groups. 
For a non-amenable group T, it is known that F admits at least two non-OE actions 
([CW],[Sc],[H]). Moreover, recently, the following classes of non-amenable groups have 
been shown to admit uncountably many non-OE actions: property (T) groups ([H]), 
free groups ([GP], see also [T],[I2]), weakly rigid groups ([P2]), non-amenable products 
of infinite groups ([P4], see also [MSh],[Il]) and mapping class groups ([Ki]). This 
classes of group added to the already known ones ([BG], [Z], [GG]). 

In this paper, we prove that the same is true for a new, large class of non-amenable 
groups. 

Main result. Let V be a countable discrete group which contains a copy of the free 
group ¥2- Then V has uncountably many non-OE actions. 

Moreover, any group A which is measure equivalent to V has uncountably many 
non-OE actions. 
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Note that this result covers most non-amenable groups. The question of whether 
every non-amenable V contains a copy of F2, known as von Neumann's problem, was 
open for a long time, until it was settled in the negative by Ol'shanskii ([O]). 

To outline the proof of the main result, recall that if we view F2 as a finite index sub- 
group of SLi2(Z), then the pair (F2 x Z 2 , Z 2 ) has the relative property (T) of Kazhdan- 
Margulis ([K],[M]). This fact implies that the induced m.p. action F2 rx a T 2 = Z 2 is 
rigid, in the sense of Popa ([PI]). The main idea of the proof is then to consider the 
class T of actions r rx A for which the restriction F 2 rx A admits a as a quotient. 
Note that the rigidity of a has been successfully used before by Gaboriau and Popa to 
show that non-abelian free groups admit uncountably many non-OE actions ([GP]) . 

Using a separability argument (in the spirit of [C2], [PI] and [GP]) in connection 
with the rigidity of a, we prove that, modulo countable sets, orbit equivalence of two In- 
actions from T implies conjugacy of the restrictions to F 2 (Theorem 1.3.). On the other 
hand, using the co-induced construction (see Section 2) we provide uncountably many 
actions in T for which the restrictions to F2 are mutually non-conjugate. Altogether, 
we deduce that uncountably many actions from T are non-orbit equivalent. 

Added in the proof. Recently, a combination of results and ideas from [E], [GL] 
and the present paper has been used to show that the above result holds true for any 
non-amenable group V ( [E] ) . This development led us to several applications which we 
present in Section 4. 

§1. A separability argument. 

1.1. Conventions. We start this section by recalling some of the notions that we will 
use further. For this, fix two m.p actions V rx a (A, /x) and V rx a (Z, v) of a countable 
group T. 

{%) The unitary representation -n a : V — > U((L 2 (X, /u,)) induced by a is defined 
by K*{l){f) = / ^(7 _1 ), for all / G L 2 (A 7/ u) and 7 G V. We denote by tt° the 
restriction of iv a to L 2 (X, fx) CI. 

(ii) If Y C A is a measurable cr(r)-invariant set, then we call the action V r\ a 
(y, ^yy) the restriction of a to Y and we denote it a\y In this case, we have that 

{Hi) We say that a is a quotient of a if there exists a measurable, measure preserv- 
ing, onto map p : X — > Z (called the quotient map) such that p o (7(7) = 01(7) o p, 
for all 7 G T. In this case, we have that 7r a C 7r CT . 

(iv) We say that a and a are conjugate if there exists a measure space isomorphism 
p : X — > Z satisfying the condition in (Hi). In this case, we have that n a = n a . 

(v) The diagonal product of a and a is the action of V on (Z, v) x (A, \x) given 
by (a x cr)(7) = 0(7) x (7(7) for all 7 G V. 
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1.2. Relative property (T). For an inclusion T C T of countable, discrete groups 
we say that the pair (T, r ) has relative property (T) if for all e > 0, there exists 
5 > and F cT finite such that if n : V — > W(7i) is a unitary representation and £ G 

is a unit vector satisfying 

lk(<7)(£)-£ll<<*,V<7eF, 

then there exists £0 e H such that 

||£o-£||<£,7r(/ i )(£o)=£o,V/iGr . 

Following Kazhdan-Margulis, the pair (SL 2 (Z) x Z 2 ,Z 2 ), where SL 2 (Z) acts on Z 2 by 
matrix multiplication, has relative property (T) ([K],[M]). For more examples of pairs 
of groups with relative property (T), see [Shi] and [Fe]. 

From now on, we fix a countable group V which contains a copy of F 2 . We also fix 
a free subgroup F 2 C V. Next, if we view F 2 as a finite index subgroup of SL 2 (Z). In 
particular, we get that the pair (F 2 x Z 2 , Z 2 ) has relative property (T). In fact, for any 
non-amenable subgroup V of SL 2 (Z), the pair (r x Z 2 ,Z 2 ) has relative property (T) 
([Bu]). Also, we denote by a the action of F 2 on T 2 = Z 2 induced by the action of 
F 2 on Z 2 . Note that this action preserves the Haar measure A 2 of T 2 and is free and 
weakly mixing. Finally, we represent the group F 2 x Z 2 as {(a, 7)|a G Z 2 , 7 G F 2 } with 
the group multiplication given by (ai,7i) o (02,72) = (ai7i(a 2 ), 7172)- 

1.3. Theorem. Let T be the class of free, ergodic, m.p. actions V rx a (X,n) on a 
standard probability space (X, y) satisfying the following: 

{%) a is a quotient of a^ 2 , with the quotient map p : X — > T 2 . 

(ii) V7 G T \ {e}, the set {x G X\p(-fx) = p(x)} has zero measure. 

Let {o~i}i e i C T be an uncountable family of mutually orbit equivalent actions. Then 
there exists an uncountable set J C I with the following property: for every i,j G J, 
there exist two measurable sets X^ Xj C X of positive measure such that X^ is (7j(F 2 )- 
invariant, Xj is a j (F 2 ) -invariant and the restriction of o~i\Y 2 t° X^ is conjugate to the 
restriction ofcrj^ to Xj. 

Proof. Using the hypothesis we can actually assume that all Oi generate the same 
measurable equivalence relation Uclxl, i.e. 

U = {(x,a^)(x))\x G X, 7 G T},Vz G I. 

Following [FM] , we endow 1Z with the measure ji given by 

jl(A)= [ \An ({x} x X)\dn(x), 
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for every Borel subset A C 71. 

By condition (z), for every j G i", we can find a quotient map pj : (X, fi) — > (T 2 , A 2 ) 
a such that pj o (7^(7) = a (7) o pj, for all 7 G F2. If a G Z 2 , then we view a as a 
character on T 2 and we define = a Pj e L°°(X, fx), for all j G /. It is easy to see 
that for all a G Z 2 ,7 G F2 and j G 7 we have that ?7 7 ( a ) = vi a j(l~ 1 )- Using this 
relation it follows that the formula 

m,j(a,l)(f)(x,y) = V l a(x)i] J a (y)f(a l (-f- 1 )(x),a J (-f- 1 )(y)), 

for all / G L 2 (72, /i), (x,y) G 72. and (0,7) G F2 x Z 2 , defines a unitary representation 
TTij : F 2 k Z 2 -> U(L 2 (JZ, ft)), for every i, j G /. 

Let £ = 1a, where A = {{x,x),x G X}, then £ G L 2 {H,jl) and 1 1£| |L 2 (^,/i) = 1- For 
every i,j 6 I and all (a, 7) G F 2 x Z 2 we have that 

(!) IKmKtXC) -SHi^A) =2-23?<7r ij (a,7)(C),£> I/ 2 ( ^ )A) = 

2-23? / 7/*(x)7^(x)l {<y .( 7 -i) =<y (7 -i)}(x)d//(x) < 
Jx 

( if H/lloo, IbHoo <1, then ftf x (l-fg) < ||1 - /|| 2 + ||1 - (j|| 2 ) 

2 I|1 ~ 1 {<T l ( 7 -i)= f T j ( 7 -i)}l|L 2 (x, M ) + 2||1 - vIvIWl^x^) = 

2||l{(x,<T i ( 7 -i)(x))|x6X} - 1{(x,<t j ( 7 -1)(x))|x6X}||l2 ( ^ )A) + 2||^1 A - T? a 1 A | W (K,ji) ■ 

Now, since the pair (F2 x Z 2 ,Z 2 ) has relative property (T), we can find 5 > and 
A C Z 2 , B C F 2 finite sets such that if 7r : F 2 x Z 2 — > U(TL) is a unitary representation 
and £ G 7i is a unit vector which satisfies 

||7r(a,7)(0-eil<*,V(a, 7 )eAxB, 

then there exists £ £ 7i a 7r(Z 2 )-invariant vector such that ||£o — £|| < 1/2. 

Next, since the Hilbert space L 2 (1Z : p) is separable and 7 is uncountable, we can 
find J C I uncountable such that 

Wv'aX a - V J aXA\\ L^(n,p,) < 5 2 /4,Va G A 

and 

||X{(x,o- i ( 7 -i)(x))|x6X} - X{(x,o- j ( 7 -i)(x))|x6X}||L 2 (^,/i) < ^ 2 /4, V7 G S, 

for all i,j G J. When combined with inequality (1), this gives that 
(2) lki,j(a,7)(0 - < *,V(a, 7 ) G A x B,Vi, j G J 



5 



Fix i,j G J. Then by using relative property (T) together with (2) we can find 
/ G L 2 (Tl,jl) such that ||/ — Xa\\l 2 (k,p,) < 1/2 and / is 7r i)J (Z 2 )-invariant, i.e. 

(3) /(*, y) = ri{x)4^)f{x, y), Va G Z 2 

fx almost everywhere (x,y) G 71. 
Define 

5 = {(x, 2/ )GTO = ^( ! /),VaGZ 2 }. 

Then S C 1Z is measurable and since / ^ 0, (3) implies that //(SO > 0. We claim that 
for almost every x£l, there is at most one y G X such that (x, y) G S. If not, then 
we can find X C X a set of positive measure and 7 7^ 7' G T such that 

(x,(7j(7)(x)), (£,(^(7') (£)) G S,Vx G X . 
Thus, in particular, we get that 

vLW-rX*)) = vl(°jh')(x)),Vx G ^o,Va G z 2 , 

or, equivalent ly, 

^(^WOe))) = a(Pi(^i(7 / )( ;r ))) 5 Va e Z 2 ,Vx G X . 

Since characters separate points, we deduce that Pj(cj(7)(^)) = Pj( cr j(7')( ;r ))7 f° r an 
x G Xo. However, since Xq is assumed to have positive measure, this contradicts 
condition (ii), thus proving the claim. Now, define Xj to be the set of x G X with the 
property that there exists a unique y G X such that (x,y) G S. The above claim and 
the fact that /2(S) > imply that /i(Xj) > 0. 

If (x, y) G S, then 77* (x) = r] J a (y), for all a G Z 2 , thus 

^ (a) (£) = < (a) (y),VaGZ 2 ,V 7 GF 2 . 

Since ^( a ) = Va° a ii.l~ 1 )^ f° r an a El? and 7 G F 2 , we deduce that 

(4) (a l (7)(x),a J (7)(2/))GS,V 7 GF 2 

In particular, we get that Xj is <7j(F2) -invariant. If we denote Xj = {y G X|Eb G 
Xj, (x, y) G S}, then Xj is a measurable o~j (F 2 ) — invariant set. Define : Xj — > Xj 
by y = 0(x) ijf O^y) G S. Then is a measure preserving isomorphism. Indeed, as 
above, it follows that for almost every y G X, there exists at most one x G X such that 
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(x,y) G S, hence cf> is an isomorphism. Moreover, since <f>(x) lies in the orbit of x for 
almost every x G X , we get that is measure preserving. 

Finally, note that relation (4) implies that o~j(j)((f)(x)) = 0O 7 * 0)0 0*0) almost every- 
where x & Xi and for all 7 G F2, which gives the desired conjugacy. □ 

Note that up to this point we have no examples of class T actions. This will be 
done in the next section by using a co-inducing construction for actions. 

§2. The co— induced action. 

Let To C r be two countable groups and let To r\ a (Y, v) be a m.p. action. Then 
there is a natural way to construct a m.p. action of Y whose restriction to To admits 
a as a quotient. This construction first appeared in [L] (see also [DGRS] and [G]). We 
would like to mention that we initially learned of this construction from Section 3.4. 
in [G]. Start by defining 

X = {/ : T - F|/(77o) = «(7o)(/(7)), V70 G T , V 7 G T}. 

and note that Y acts on X by the formula (7/) (7') = /0y -1 7')> f° r au 7 an d Y G T. 

Let e G S C Y be a set such that Y = U se ssT . We observe that X can be identified 
with Y s = rises ^ v ^ a / ~~ (f( s ))ses- Using this identification we get an action a 
(called the co-induced action ) of T on Y s given by a( r y)((x s ) s ) = (y s ') s ', where 
y s i = a( / jQ 1 )(x s ) for the unique s G S and 70 G To such that / y~ 1 s' = S70. Then a 
preserves the product measure us = (S> s es^ on Y s . 

In the next two lemmas we discuss the freeness and ergodicity of a. Before this, we 
remark that p : Y s — > Y given by p((x s ) s ) = x e is a quotient map and that p realizes 
a as a quotient of <S|rv 

2.1. Lemma. Assume that a is a free action and that (Y,v) is a non-atomic prob- 
ability space. Then the set A 1 = {x G Y s \p( / yx) = p(x)} has zero measure, for all 
7GT\{e}. In particular, a is free. 

Proof. Note that if 7 G r \ {e}, then ^ = {16 Y s \^x e = x e }, hence the freeness 
of a implies that A 1 has measure zero. On the other hand, if 7 G Y \ Fq, let s G S \ {e} 
and 70 G To such that 7 _1 = S70. Then A 1 = {x G Y s \x e = / jo~ 1 x s } : and since Y is 
non-atomic, we get that i>s{A 1 ) = 0. □ 

2.2. Lemma. In the above setting, let A cT be a subgroup. Then 

{%) <5)a is weakly mixing iff (if and only if) a| s A s -inr ^ s weakly mixing for any s G Y 
such that sAs -1 fl Yq C sAs -1 is of finite index. 

(ii) If \Y/Yq\ = 00, then a is weakly mixing. If |T/ro| < 00, then a is weakly mixing 
iff a is weakly mixing. 
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(in) ct|A is mixing iff a\ s A s - 1 nr i> s mixing for any sGT. 
(iv) a is mixing iff a is mixing. 

Proof, (i) Consider the action of V on £ given by 

7 • s' = s <^> 7s' G sr . 

For every t £ S and 7 G A, let /3 t be the m.p. action of A on Ylse A-t u )s given 
by Pt(l)((x s )s) = (y s >)s>, where y s : = a(7 " 1 )(a; s ), for the unique sG A-t and 70 G T 
such that 7 _1 s' = S70. Note that if T C £ is such that S 1 = UterA • £, then <S|a is the 
diagonal product of the actions f3 t with t G T, i.e. 

Claim 1. lit ET and A • t is infinite, then is weakly mixing. 

Proof of Claim 1. To prove that fit is weakly mixing we need to show that if 
£i,--,£n ^ -^ 2 (ris6A t(^' z/ ) s ) are f unc ti° ns °f zero integral, then for every e > we 
can find 7 G A such that | < Pt(l)(£i), £j > | < £ for all i,j. Note that in order to 
prove this condition, we can assume that there exists a finite set F C A ■ t such that 
ii e L2 (UseF( Y ^ ")s) for all % = 1, .., n. 

Now, since A • t is infinite, we can find 7 G A such that 7F D F = 0. This implies 
that /?t(7)(£i) and £j are independent for all Thus, < Pt(l)(£i)i £j >= for all z, j, 
hence is weakly mixing. 

Using Claim 1 we get that is weakly mixing iff fit is weakly mixing for every 
t G T such that A • t is finite. Let t G T such that A • £ is finite. Then 

A t = {7 G A| 7 -t' = t',Vt' G A-t} 

is a finite index subgroup of A. Thus, j3 t is weakly mixing iff fit\A t i s weakly mixing. 
Since 

Pt(l) = x seA . t a(s" 1 7s), V7 G A t , 

we further deduce that fit is weakly mixing iff a\ s -i\ tS is weakly mixing for every 
s E A-t. Next, note that the inclusions 

s _1 Ats C s _1 As n T C s _1 As 

are of finite index for every s G A-t. This implies that fit is weakly mixing iff tt| s -iA s nr 
is weakly mixing for every s E A-t. Altogether, we get that ct\\ is weakly mixing iff 
a \s- 1 Asnr is weakly mixing for all s G V such that A ■ s is finite. 

Since A • s is finite iff A n sr s _1 = {7 G A|7 • s = s} C A is of finite index, we get 
the conclusion. 
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(Hi) Assume that a| s7 v s -inr * s mixing for any s 6 T. To prove that a\ A is mixing 
it suffices to show the following: 

Claim 2. For any finitely supported vectors / = ® se Afs,g = ®seBg s G L°°(Y S , z/s), 
where A, B C S are finite and f s ,gt £ L°°(Y, v) have zero integral, for all s E A and 
t E B, we have that 

lim <a( 7 )(/),^>=0. 

Proof of Claim 2. Note that the induced action a : V — > Aut(L°°(y )) is given by 
<5(7)(® s /s) = ®s'9s', where <7 S > = a(7o)(/ s ) for the unique s E S and 70 G T such that 
7s = s'7o- Using this we get that if 7 G T, then < a(^)(f),g >= unless |A| = |£?| 
and there exists a bijection 7r : A — > £? such that 7r(s) _1 7s G r for all s E A. In the 
latter case, we have that 

< a(7)(/)> 2 >= II < «( 7r ( s )" 1 7s))(/ s ), ^( S) > • 

s€A 

For a bijection 7r : A — > £?, let A^ = {7 E A\n(s)~ 1 'ys E r ,Vs E A}. Then, proving 
the claim is equivalent to proving that 

lim < a( 7 ) (,f),2>=0, 

Air 37^00 

for all bijections n : A ^ B. Fix a bijection 7r : A — > B, A G A^ and s E A. Then for 
all 7 G Att we have that s _1 (A _1 7)s G s _1 As fl r and that 

< a(7i(s)~ 1 <ys))(f s ),g 7r{s) >=< a((n(s)~ 1 Xs)(s~ 1 (X~ 1 ^)s))(f s ),g 7ris) >= 

< a( S - 1 (A- 1 7 ) S )(/ s ),a( S - 1 A- 1 7r( S ))(/ 7r(s) ) > 

Now, if we let A^ 3 7 — > 00, then s _1 As fl To 9 s _1 (A _1 7)s — > 00. Since a| s -iA s nr is 
mixing by our assumption, we get that 

lim < a(n(s)~ 1 -fs))(f s ),g 7T{s) >= 0, 

which ends the proof of the claim. 

The other implication follows easily and we omit its proof. Finally, (ii) and (iv) 
follow by applying (i) and (Hi) to A = V. □ 

For the next result, we assume the notations and assumptions of Section 1. Thus, 
T is a countable group which contains r = F 2 and a denotes the action F 2 rx T 2 . 
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2.3. Corollary, a is weakly mixing and belongs to T . Moreover, for any ergodic 
action p of V, the diagonal product action a x p also belongs to T . 

Proof. Since a is weakly mixing (see for example [P2]), Lemma 2.2. (ii) implies that 
a is weakly mixing. When combined with Lemma 2.1. this gives that a G T . The 
second assertion follows easily since a is weakly mixing and thus the diagonal product 
with any ergodic action is still ergodic. □ 

§3. Proof of the Main Result. 

Let T be a countable group containing F 2 . Let {iti : F 2 — > Vi(Hi)}i e i be an uncount- 
able family of mutually non-equivalent, irreducible, c -representations of F 2 , i.e. such 
that lim^oo < TTi(g)^, n >= for all £, <E Hi and i G / ([Sz]). 

Claim 1. For every % G /, there exists a free, mixing, m.p. action V r\ Pi (Xi, pi) 
such that 

Proof of Claim 1. For every % G /, let tti : V — > U(Hi) be the induced representa- 
tion. Then we can find a free, m.p., Gaussian action V rx Pi (Xi, pi) (see for example 
[Fu2],[Ke]) such that 

TTi C 7T°. C ©„>i7rf". 

Now, since tti is c , we get that 7Ti is also c , thus pi is a mixing action. Also, since 
TTi C 7fi|F 2 we get the second assertion. 

Next, fix an ergodic, measure preserving action T rx^ (Y, v). For every % G /, 
consider the diagonal product action = a x /3 x pi of T on 

(^,77,):= J] (T 2 ,A 2 ) S x (y,i/) x pQ,^), 
ser/F 2 

where a denotes the action T rx ELer/FaC^ 2 ' -^ 2 ) s obtained by co-inducing a. Since 
a is free, weakly mixing, (3 is ergodic and pi is mixing, we deduce that o~i is a free, 
ergodic action, for all i G /. 

Claim 2. Let z G / and let Z- C Z t be a ai(F 2 ) — invariant set. Then the representa- 
tion induced by the restriction of o~i^ 2 to Z[ contains tt^ 

Proof of Claim 2. Since pi is mixing, we derive that Pi\^ 2 is weakly mixing. Thus, 
since Z[ is cr^ (F 2 )-invariant, we get that Z 4 - = B x JQ, for some measurable set B C 
n s6 r/F 2 ^ 2 x This implies that the restriction of o~i\w 2 to Z[ admits Pi\^ 2 as a 
quotient. Thus, the representation induced by the restriction of o~i^ 2 to Z[ contains 
Tip. , F . Since, by Claim 1, the latter contains TTi, we are done. 
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Claim 3. For every i e I, the set Ii of j G I such that a restriction of Oj| F2 is 
conjugate to a restriction of cr^ | F2 is countable. 

Proof of Claim 3. Let 7r be the unitary representation of F 2 induced by cr^ ¥2 . If 
j G Ii, then 7r contains the representation induced by a restriction of Cj| F2 - Now, by 
Claim 2, the latter contains Wj as a subrepresentation. Combining these two inclusions, 
we get that iij C 7r, for all j G i^. Since a separable unitary representation can only 
have countably many non-equivalent irreducible subrepresentations and since the n'-s 
are irreducible and mutually non-equivalent, it follows that Ii is countable. 

Claim 4- Uncountably many of the actions {ai}i e i are mutually non-OE. 

Proof of Claim 4- If we assume the contrary, then we can find an uncountable set 
J C I such that the actions {aj}j e j are mutually orbit equivalent. Now, since (3 x pi 
is ergodic, Corollary 2.3. implies that Oi G J 7 , for all i G /. Thus, by applying Theorem 
1.3. to the family of actions {o~j}j e j C J 7 , we can find an uncountable subset K C J 
such that for all k, I G K, a restriction of o~k\w 2 is conjugate to a restriction of <7j| F2 . 
This, however, implies that Ik is uncountable, for every k G K, in contradiction with 
Claim 3. 

Now, if we take (3 to be any ergodic action of V (e.g. the trivial action) , then Claim 
4 gives uncountably many non-OE actions of V. 

For the moreover assertion, we first recall the definition of measure equivalence (see 
[Ful]). To this end, let V rV 3 (Y, p) be a free, ergodic, m.p. action and let t > 0. 
Let n > t be a natural number and set Y n = Y x {1, ..,n} endowed with the natural 
measure. Next, let Y t C Y n be a measurable set of measure t and define IZ^ be the 
equivalence relation on Y l given by: (a;,z) ~ (y,j) iff there exists 7 G T such that 
y = (3(^){x). Note that the isomorphism class of IZ^ depends on t and not on the 
particular choice of Y l (since (3 is ergodic). If t = 1, then we use the notation 7?.^. Two 
groups T and A are measure equivalent (ME) if we can find an action (3 as above, 
t > and a free, ergodic, m.p. action 5 of A on F* such that 

K% = K s . 

Now, let T rx e (S, m) be a weakly mixing, m.p. action. Then the diagonal product 
action 9 x (3 is ergodic and the equivalence relation 7^ x ^ can be realized as the equiv- 
alence relation on S x Y* given by: (s, ((x, z)) ~ (s', (y,j)) iff there exists 7 G T such 
that s' = 0(7) (s) and y = ^(7) (x). Next, we note the following claim due to Gaboriau 

my. 

Claim 5. In the context from above, there exists a free, ergodic, m.p. action r of A 
on S xY f such that 
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Proof of Claim 5. Let A G A, then for almost every (x,i) G Y l we can find a unique 
(by the freeness of (3) 7 = w(\,(x,i)) G T such that 5(\)(x,i) = {(3{^){x),i). Then 
w : A x y* — > T gives a cocycle for 5. This implies that the formula 

r(A)(s,(:r,i)) = (0(«;(A, (x, S(X)(x, i)) 

for all A G A, s G S 1 , (x, i) G 1"* defines a m.p. A-action on5x y*. Moreover, it is clear 
that TZff X p = TZ T , hence, since 9 x j3 is ergodic, we get that r is also ergodic. Also, 
since r admits 5 as a quotient and since 6 is free, we deduce that r is free. 

Finally, let T be a group containing F 2 and let A a group ME to V. Let (3 (resp. 5) 
be a free, ergodic, m.p. action of V (resp. of A) such that IZp = 1Z§, for some t > 0. 
For all i 6 /, denote 9i = a x pi and observe that o~i = 9i x (3. By applying Claim 5, it 
follows that for every i G / there exists a free, ergodic, m.p. action Tj of A such that 
7?4. = 7£ Ti . Recall that two actions are orbit equivalent iff they generate isomorphic 
equivalence relations. Thus, Claim 4 implies that uncountably many of the actions 
{ T i}iei are mutually non-orbit equivalent. □ 

§4. Applications to von Neumann algebras. 

(I) After the first draft of this paper was posted on the arxiv (January 2007), there 
have been two important developments, in [GL] and [E] . To briefly present these results, 
recall first that, in general, a non-amenable group Y need not contain a copy of F2 ([O]). 
Nevertheless, D. Gaboriau and R. Lyons proved in [GL] that any non-amenable group 
r admits F2 as a measurable subgroup: 

4.1. Theorem [GL]. Let V be a countable non-amenable group. Then there exist 
free, ergodic, m.p. actions V rx (Z, if) and F 2 rx (Z, if) such that ¥ 2 z C Yz, a.e. z G Z . 

This result opened up the possibility that the condition Y contains a copy of ¥2 
in the statement of our main theorem could be replaced by the more general, natural 
condition Y is non- amenable. To do this, by analogy with the proof of our main result, 
a co-inducing construction in a group/measurable subgroup situation rather than in a 
group/subgroup one, was needed. 

Recently, I. Epstein obtained such a construction in [E] (see Lemma 4.2.). Using 
this construction, she was able to push our arguments in the case that Y is an arbitrary 
non-amenable group and to show that indeed any such Y admits uncountably many 
non-OE actions ([E]). 

4.2. Lemma [E]. Let Y ,Y be two countable groups and assume that there exist free, 
ergodic, m.p. actions Y rx (Z,rj) and Yq rx (Z,if) such that Yqz C Yz, a.e. z G Z. 
Let To rx a (Y, v) be a free, ergodic, m.p. action. Then there exist a probability space 
(X,fj,), a quotient map p : X — > Y and free, ergodic, m.p. actions Yo rx@ (X,/j,), 
Y rx a (X, jj) such that 



12 



(i) a as a quotient of (3 with p as the quotient map. 

(ii) V7 G r \ {e}, the set {x G X\p(-fx) = p(x)} has zero measure. 
(Hi) Y x C Fx, a.e. x G X. 

Below, we obtain consequences of 4.1. and 4.2. in the theory of von Neumann 
algebras. We note that in the first draft of this paper, we obtained these corollaries 
under the additional assumption that Y contains a copy of F 2 . 

(II) We begin by observing that one can characterize the non-amenability of a group Y 
in terms of Popa's notion of relative property (T) for von Neumann algebras. For this, 
let M be a finite von Neumann algebra with a faithful, normal trace r and let B C M be 
a von Neumann subalgebra. The inclusion (B C M) is rigid (or has relative property 
(T)) if whenever <p n : M — > M is a sequence of unital, tracial, completely positive 
(c.p.) maps such that <p n — nd.M in the pointwise ||.| ^-topology, we must have that 
lim n _ >00 sup a . eB> || a .||< 1 \\4> n {x)-x\\ 2 = ([PI]). In the case (B C M) = (L(T ) C L(T)), 
for two countable groups To C T, the inclusion (B C M) is rigid iff the pair (r, To) has 
relative property (T) ([PI]). 

Also, recall that the group measure space construction associates that to ev- 
ery free, ergodic, m.p. action Y rx a (X, //) a Hi factor, L°°(X,fi) x a Y, together 
with a Cartan subalgebra, L oc (X,fi) ([MvN]). In [PI], Popa asked to characterize 
the countable groups Y which admit a rigid action cr, i.e. such that the inclusion 
L°°(X, 11) C L°°(X, 11) y\ a Y is rigid. The following result is motivated by this question. 

4.3. Theorem. A countable group Y is non-amenable if and only if there exists a free, 
ergodic, m.p. action Y rx (X, n) and a diffuse von Neumann subalgebra Q C L°°(X, //) 
such that 

(i) Q' n L°°(X, n) x T = L°°(X, /i) and 

(ii) the inclusion Q C L°°(X, fi) xi Y is rigid. 

Proof. If r is amenable, then L°°(X,fi) xi Y is isomorphic to the hyperfinite Hi 
factor, R, for any free, ergodic, m.p. action Y rx (X, /j,) ([Cl],[OW]). Since R does not 
contain any diffuse von Neumann subalgebra with the relative property (T) , we get the 
"if part of the conclusion. 

For the converse, let Y be a non-amenable group. As before, denote by a the action 
F 2 rx (T 2 , A 2 ). Then, by combining 4.1. and 4.2. we can find a probability space (X, y), 
a quotient map p : X — > Y = T 2 and two free, ergodic, m.p. actions F 2 rx 13 (X, //), 
T rV* (X, /i) which satisfy conditions (i) — (m) in 4.2. 

Denote by 6 : L°°(T 2 , A 2 ) L°°(X,^) the embedding given by 0(/) = / o p, for 
all / G L°°(T 2 ,A 2 ), and let Q = 9(L°°(T 2 , A 2 )). We claim that a and Q verify the 
conclusion. For this, denote by {w 7 } 76 r the canonical unitaries implementing the 
action of Y on L°°(X, /j,). Then it is easy to see that Q' fl L°°(X, |ii) xi„ Y is generated 
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by L°°(X, fx) and {1^ it 7 |7 G T}, where A 7 = {x G -X"|p(7 1 x) = p(x)}, for all 7 G T. 
As fx(A^) = 0, for all 7 G T \ {e}, we deduce that Q' n L°°(X, //) x a Y = L°°(X, fx). 
Next, since p realizes a as a quotient of f3, we get that 6 extends to an embedding 

6 : L°°(T 2 , A 2 ) x a F 2 L°°(X, //) x^ F 2 . 

Now, by [PI], the inclusion L°°(T 2 , A 2 ) C L°°(T 2 , A 2 ) x a F 2 is rigid, hence the inclusion 
Q C L°°(X,fx) y\p F 2 is rigid. Finally, since F 2 x C Fx, a.e. x G X, we have that 
L°°(X, /i) x jfl F 2 C L°°(X, /i) x 5 r and we deduce that the inclusion Q C L°°(X, /i) x^T 
is rigid ([PI]). □ 

4.4. Remark. Theorem 4.3. implies that every countable non-amenable group V 
admits an almost rigid action. To make this precise, let a be the action given by 
4.3. and let {p n } n >i be a sequence of projections which generate L°°(X,fx). For 
every n, define Q n = (Q V {pi, ■■,p n })" ■ Then the inclusion Q n C L°°(X,fx) x^ T 
is rigid and fl L°°(X,li) y\ a V = L°°{X,fx), for all n. Moreover, we have that 

Un>lQn W =L°°{X,ll). 

Next, we denote by A = 0J° Z and we note that if Y contains s copy F 2 then the 
action a from 4.3. can be taken to come from an action of Y by automorphisms on A. 

4.5. Proposition. Let Y be a countable group which contains F 2 . Then there exists 
a homomorphism p : Y — > Aut(A) and an infinite subgroup B C A such that the pair 
(T K p A,B) has relative property (T) and that the set {7(6)6 _1 |6 G B} is infinite, for 
all-f EY\ {e}. 

Proof. First, remark that F 2 contains a copy of itself which has infinite index. 
Indeed, if F 2 =< a, b >, then the subgroup generated by a and bab~ x has infinite index 
and is isomorphic to F 2 . Thus, we can assume that F 2 has infinite index in Y. 

Next, let e G S C Y be a set such that Y = U se 5sF 2 and identify A with s6fi ,Z 2 . 
Then the co-induced construction from Section 2 shows the action a : F 2 — > Aut(Z 2 ) co- 
induces to an action p : Y — > Aut(A). Moreover, we have that p(F 2 ) invaries i? = (Z 2 ) e 
and that the inclusions of groups (B C F 2 x P|F2 S) and (Z 2 C F 2 x a Z 2 ) are isomorphic. 
Since the latter inclusion has relative property (T), we deduce that the pair (r x p A, B) 
has relative property (T). The second assertion is easy and we leave it to the reader. 
□ 

In the context of 4.5., it now follows that the induced action Y rx a (A, fx) verifies 
4.3, where fx is the Haar measure on the dual of A. We note that we do not know 
whether the converse of Proposition 4.5. is true, i.e. if any countable group Y which 
has an action on A with the above properties must necessarily contain F 2 . 

The class of TiT factors has been introduced by Popa, who used it to provide the 
first examples of Hi factors with trivial fundamental group ([PI]). A Hi factor M is in 
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the TiT class if it has a Cartan subalgebra A (called an HT Cartan subalgebra) such 
that: 

(i) M has the property H relative to A and 

(ii) there exists a von Neumann subalgebra B C A such that B' (~) M C A and the 
inclusion BcMis rigid. 

In [PI], Popa raised the question of characterizing HT groups, i.e. groups which 
admit a free, ergodic, m.p. action V rx a (X, fa) such that the corresponding Cartan 
subalgebra inclusion (A C M) = (L°°(X,fa) C L°°(X,fx) y\ a Y) is HT. Since in this 
case, M has property H relative to A if and only if Y has Haagerup's property ([PI]), 
Theorem 4.3. implies the following: 

4.6. Corollary. A countable group Y is HT if and only if is non-amenable and has 
Haagerup 's property. 

(Ill) Recall that two actions Y r\ (X, fi) and A rx (Y, v) are called von Neumann 
equivalent (vNE) if the associated Hi factors are isomorphic, i.e. if L°°(X, 
L oc (Y, v) xt A ([P3]). Next, we show that any non-amenable group admits uncountably 
many non-von Neumann equivalent actions. Since von Neumann equivalence of actions 
is weaker than orbit equivalence ([FM]) this result generalizes Theorem 1.3. as well as 
the main result of [E]. For T = F n , n > 2, this result has been first obtained in [GP]. 

4.7. Theorem. Any countable, non-amenable group Y admits uncountably many non- 
vNE free, ergodic m.p. actions. 

Proof. Let T be the class of free, ergodic, m.p. actions Y r\ a (X, (j>) such that there 
exists a free, ergodic, m.p. action F 2 rx@ (X, (i) satisfying the following 

(i) a is a quotient of /3, with the quotient map p : X — > T 2 , 

(ii) V7 G T \ {e}, the set {x G X\p(^x) = p(x)} has zero measure and 
(Hi) ¥ 2 x C Yx, a.e. x G X. 

It is then proven in [E], by using Theorem 1.3., that there exists an uncountable 
family of actions Y r\ ai (Xi, Hi) (i G /) from T which are mutually non-orbit equivalent. 
For every % G /, denote Mj = L°°(Xi, fa) x a .Y and A { = L°°(Xi, fa). 

Claim. For every i G /, the set J = {i G I\Mi ~ M io } is countable. 

Note that since / is uncountable, this claim implies that uncountably many of the 
actions {ai}iei are non-von Neumann equivalent. 

Proof of the claim. Start by denoting Q = L°°(T 2 , A 2 ) and N = L°°(T 2 , A 2 ) x a F 2 . 
Since Oi G J 7 , the proof of Theorem 4.3. shows that there exists an embedding of N 
into Mi such that under this embedding Q C Ai and Q' fl Mj = Ai. Also, since the 
inclusion Q C iV is rigid ([PI]), we can find F C N finite and 5 > such that if a 



15 



unital, tracial, c.p. map 4> : N — > N satisfies \\4>(x) — x\\ 2 < S, for all x G F, then 

Mb) ~ b\\ 2 < 1/4, V6e(Q)i. 

To prove the claim, assume by contradiction that J is uncountable. For every 
z G J, let 6>i : Mi — > M io be an isomorphism and consider the set {#i(a;)|a; G F} C 
L 2 (Mj )®i F i. Since L 2 (M io ) is a separable Hilbert space and since J is uncountable, 
we can find % 7^ j G J such that 

||0i(a;) -^(x)|| 2 < S,Vx G F 

Thus, the isomorphism 9 = 0j~ l o8i : Mi — > Mj satisfies \ \0(x) — x\\ 2 < 5, for all x £ F. 

Further, if we let 4> = (En o 9)\n '■ N — > A 7 " (where -E^r : Mj — > A 7 " is the conditional 
expectation onto N) , then is a unital, tracial, c.p. map and 

(1) ||0(x) - 5c|| 2 = \\E N (0(x)) -x\\ 2 = \\E N {9{x) - x)|| 2 < <5, Vx G F 
Using the fact that the inclusion Q C iV is rigid, (1) implies that 

(2) \\E N (6(u)) - u\\ 2 = \\<f>(u) -u\\ 2 < 1/4, Wu G U(Q) 
Since Q C AT, (2) implies that 

(3) \\6(u)u* - = 2 - 2&t(6(u)u*) = 

2 - 2Ut{E n (9{u))u*) = 2$t((u - E N (6(u)))u*) < 

2\\u - E N (e(u))\\ 2 < 1/2, Wu G U(Q). 

Next, we use a standard averaging trick. For this, let K denote the ||.| ^-closure of the 
convex hull of the set {0(u)u* \u G U(Q)} and let £ G K be the element of minimal norm. 
Using (3) and the fact that K C (M j ) 1 , we deduce that ||f || < 1 and that ||£-1|| 2 < 1/2, 
so, in particular, £ 7^ 0. Moreover, since K is invariant under the ||.| ^-preserving 
transformations K 3 rj — > 9(u)rju*, for all w G U(Q), the uniqueness of £ implies that 
0(u)^u* = £, for all it G U(Q). Furthermore, it is easy to see that this relation is still 
verified if we replace £ by the partial isometry v in its polar decomposition and the 
unitary u G Q by an arbitrary element x G Q (since any element in C* -algebra is a 
linear combination of 4 unitaries), i.e. 

(4) 6(x)v = vx.Wx G Q 

Using (4) it follows immediately that v*v e Q'fl Mj and that vv* G 9(Q)' n Mj = 
0(Q' n Mj). Denote g = vv*,pi = 9~ 1 (q) and p^ = v*v. Since Q' n M k = A k , for every 
k G I, we get that p^ G A; and p.,- G A,. 
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Now, if we define S(x) = v*9(x)v, for all x G piMiPi, then 5 : piMiPi — > pjMjpj is 
an isomorphism. Moreover, (4) implies that for all x G Q we have that 

(5) S(xpi) = v*9(xpi)v = v*$(x)v = v*vx = xpj 

In particular, (5) implies that S((Qpi)' HpiMiPi) = (Qpj)' HpjMjPj, or, equivalently, 
that d(AiPi) = Ajpj. Altogether, we get that 5 gives an isomorphism of the inclusions 
(Api C piMpi) ~ (Apj C pjMpj). Finally, since pi and pj have the same trace, we 
would get that (Ai C Mi) ~ (Aj C Mj), i.e. the actions Uj and <jj are orbit equivalent 
([FM]), a contradiction. □ 

Acknowledgments. I am grateful to Professors Damien Gaboriau, Alekos Kechris 
and Sorin Popa for useful discussions and helpful comments. 
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